Up to now, the case n=1 with the function φ ^t, x, u) in equation (1.1) convex in u is the one that has been studied most thoroughly; in this case a theory of generalized solutions of problem (1.1), 
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in the c lass of bounded measurable functions. We define the generalized solution and prove existence, uniqueness and stability theorems for this solution. To prove the existence theorem we apply the "van ishin g viscosity method"; in this connection, we first study Cauchy's problem for the correspond ing parabolic equation, and we derive a priori estimates of the modulus of continuity in L ι of the solu tion of this problem which do not depend on small viscosity. 2 ) at f = 0. Several papers have been devoted to studying this problem under different assumptions about the initial function u Q (x) and about the structure of equation (1.1). Ever since the first fundamental paper t 1 ] was published on the theory of generalized solutions of quasilinear equations, the basic method for investigating these equations has remained the "vanishing viscosity method," which is based on the idea of passing to the limit as ( > + 0 in the parabolic equation ί {t, x, u) + ψ (t, x, u) = εΜ, ε> 0 , ( 1 . 3 ) 9 j) con tains a uniqueness condition for a generalized solution of Cauchy's problem in the class of piecewise smooth functions; however, as is well known, it is impossible to construct a nonlocal theory of gen eralized solutions in this class.
The class BV of functions with bounded Tonelli Cesaro variation is a natural generalization of the class of piecewise smooth functions (at least for the theory of quasilinear equations); one of the necessary and sufficient conditions for a bounded function w{x) to belong to the class BV(E ) is that, for any compact Ω and any vector Ax € Ε , { \ w (x + Δ*) -w (x) I dx < const · | Δχ |, ( 1 . 4 ) Ω wh ere th e c o n st a n t does not d ep en d on Δχ. Article L 1 2 J co n t ain s a proof of t h e e xist e n c e of a gener alized solution u(t, x) C BV{E + .) of C a u c h y's problem in t h e la r ge for t h e equ at io n ut + (<fi(u)) X [ = 0 ( 1 . 5 ) with an arbitrary bounded initial function u Q (x) in BViE^); on the cross sections i= const the func tion u(t, x) also belongs to BV{E ), so that the class BV(E ) has an invariance property. It was shown in [ 1 3 1 that, for any function u{t, χ) £ BV{E +1 )> at every point of discontinuity of this func tion, with the possible exception of the points of a set of ra dimensional Hausdorff measure zero, there is a first order discontinuity and there exists a normal to the set of points of discontinuity (one sided limits are understood in the approximate sense), where the uniqueness condition for the generalized solution of Cauchy's problem in the class BV{E + 1 ) is written, in principle, in the same way as in the class of piecewise smooth functions (see inequality (1.3) in §2; this condition can be easily derived for solutions of equation (1.1) in the class of piecewise smooth functions using the results and methods of [ 8 J and I 9 ] ) . Article L* 3 J establishes the existence and uniqueness of a generalized solu tion of problem (1.5), (1.2) in the case when u Q {x) € BV{E^i. We note that in this proof of uniqueness we take into account the behavior of the generalized solutions on sets of dimension n; this procedure is connected with using a local (pointwise) uniqueness condition and requires us to take into account rather delicate and complicated results from the theory of BV function classes (it follows from the results in §3 of this paper that to prove uniqueness it is sufficient to know the generalized solutions on certain (n + l)-dimensional sets of full Lebesgue measure). The vanishing viscosity method was justified in [ * 3] only for the case of a sufficiently smooth finite initial function u Q (x).
The purpose of this paper is to construct a nonlocal theory of generalized solutions of Cauchy's problem (1.1), (1.2) in the class of bounded measurable functions. This very broad class of functions is the most natural class for constructing such a theory (especially when we are interested in ques tions of uniqueness and stability of generalized solutions and the question of justifying the vanishing viscosity method). We note that in the sense of "visibility" the solutions in the class of bounded measurable functions are practically equivalent to solutions in the class BViE + . ) , sin ce any func tion in these classes either is piecewise smooth (to within certain visible singularities) or else has an essen tial "pathology."
In §2 we formulate a definition of a generalized solution of problem (1.1), (1.2) and make some preliminary observations. In §3 we prove uniqueness and stability theorems for the generalized solutions relative to changes in the in itial data; in proving these theorems, from the theory of functions of a real variable we only apply Lebesgue's theorem on passin g to the limit under the integral sign, the concept of a Lebesgue point and the result that almost all points of the open domain of an integrable function are Lebesgue points of this function (see
In 94 we use the vanishing viscosity method to prove an existence theorem for a generalized solu tion of problem (1.1), (1.2); we first consider Cauchy's problem for the parabolic equation (1.3). In the vanishing viscosity method convergence is proved for any bounded measurable initial function uAx).
The author stated the result on existence of a generalized solution of problem (1.5), (1.2) in the sen se of the definition in §2 at the International C on gress of Mathematicians in Moscow in August, 1966 in discussin g a related report by A. I. Vol'pert; the proof of this result was published in L 1 5 ] , where the author also announced the uniqueness theorem for the generalized solution of this problem.
E xisten ce theorems for generalized solutions of problem (1.1), (1.2) in the sense of the integral 6 ) ο -oo which is valid for any smooth finite function fit, x) (without determining uniqueness conditions) are
The fundamental results of this paper were published in our note L 17 J.
5 contains some remarks and addenda concerning the questions considered in § §2-4. The argu ments in subsection 7° occupy a special place here, where we discuss the problem of a generalized solution of Cauchy's problem for the quasilinear hyperbolic system and ψ{ί, χ, u) ate defined and are continuously differentiable for (i, x) £ π and -« < u < + °° (the assumptions concerning the properties of these functions will be refined in each section).
Let UQ(X) be an arbitrary bounded function which is measurable in Ε :
1) for any constant k and any smooth function fit, x) > 0 which is finite in π (the support of f is strictly contained inside π ) , the following inequality holds:
u{t, x) is defined almost everywhere in Ε , and for any ball
Since the smooth function / > 0 is arbitrary, it is obvious that inequality (2.1) for k= ± su p |u ( i, x)\ implies that the generalized solution uit, x) of problem (1.1), (1.2) satisfies integral identity (1.6). But D efinition 1 also contains a condition which characterizes the permissible discontinuities of the solution s. This condition is especially easy to visualize when the generalized solution is a piece wise smooth function in some neighborhood of the point of discontinuity; in this case, using integra tion by parts and the fact that / was chosen arbitrarily, we easily obtain from inequality (2.1) that, for any constant k along the surface of discontinuity, i r -fe|cos(v, /) ^ sign(a + -k) [<fi(t, x, u + ) -yi(t,x, k) 3 ) where ν is the normal vector to the surface of discontinuity at the point (i, x), and u and u are the one sided limits of the generalized solution at the point \t, x) from the positive and negative side of the surface of discontinuity, respectively. It is easily seen that for η = 1 inequality (2.3) is equivalent to condition Ε in [ 8 ] (we note that in the case n > 2 inequality (2.3) can be derived from condition Ε if the desired solution is approximated by a plane wave in a neighborhood of the point of discontinuity).
Before proceeding to the proofs of the uniqueness and existence theorems for a generalized solu tion of problem (1.1), (1.2) in the sense of Definition 1, we introduce some notation and make some elementary preliminary observations. We let δ (σ) designate a function which is infinitely differeptiable on ( -«>, * °°) such that δ (σ) > 0, δ (σ) Ε Ξ 0 for |σΙ > 1, and + 00 C δ(σ)άσ= 1.
-0 0 F o r a n y n u mbe r h>0
we s e t δ;, (σ) Ξ h~16(h~1 σ).
It is obvious that ^, (σ) £ C ( -«>, +°o) a nd -CO (for h -* + 0 the sequence \8 h {a)\ is a delta shaped sequence at the point σ = 0).
Let the function v(x) be defined and locally integrable in Ε (we shall assume a function de fined only in some region Ω C E^ to be continued by zero on Ε \ Ω); we agree to let v h {x) denote the mean functions (2.9) I I \ v \ -v(signvf\ dx<:2a> r (h) .
Estimate (2.9) follows from the obvious inequality 1) Concerning mean functions, see 1.1'J.
To prove estimate (2.10), it suffices to note that 
Lemma 2. L et the function v(t, x) be bounded and measurable in some cylinder
it follows that GAa, η) -* 0 as h -* 0 almost everywhere in (? . It remains to note that |G, ( a, 77)! < c( re)sup|f| and that the assertion of the lemma follows from Lebesgue's theorem on pas s ing to the limit under the integral sign (L 14 J, Russian p. 139).
Lemma 3. If the function F(u) satisfies a L ipschitz condition on the interval [~M, U] with con stant L, then the function //(it, v) = sign( u v)[F(u) F(v)] also satisfies the L ipschitz condition in u and υ with the constant L .
To prove this, it suffices to take into account that
Finally, we introduce notation connected with the concept of a characteristic cone. For any R>0 and M > 0 we set
)}; we let S designate the cross section of the cone Κ by the plan e t = τ, τ £ [θ, Γ 0 1. §3. Uniqueness of the gen eralized solution of problem (1.1), (1.2); stability with respect to the in itial condition
In this section we shall assume that the functions φ At, x, u) and ifrit, x, u) ate continuously differentiable in the region \(t, x) € TJ T , -°° < u < + <*>}, while the functions φ ί (t, x, u) and Φ ί!: (ί, x, u) satisfy the Lipsch it z condition in u on any compact se t .
U niqueness of the gen eralized solution of problem (1.1), (1.2) follows from the following proposi tion concerning stability of the solution s relative to changes in the in itial data in the norm of th e space Ly
Theorem. 1. Let the functions u(t, x) and v(t, x) be generalized solutions of problem (1.1), (1.2) with initial functions u o (x) and v^ix), respectively, where \u(t, x)\ < Μ and \ v{t, x)\ <M almost everywhere in the cylinder
[θ, Τ] χ K R ; let y= m a x f ^f i , *, u)] in the region lit, x) e K , \ u\ < Ml. Then for almost all t € [θ, Τ Λ jj Iu(t, x) -ν(t, x) J dx<e^ ξ j« 0 (*) -v o (x)\dx. ( 3 . 1 ) s t s a P ro o f.
L e t t h e sm o o t h fun ction g(t,
χ; τ, y) > 0 b e fin it e in π τ χ n^. I n i n e q u a l i t y ( 2.1) we s e t k = v(r, y) a n d f = g(t, x; r, y) for a fixed poin t (τ, y) ( we n o t e th at t h e fu n c t io n v(r, y) i s defined a lm o st everywhere in π γ ) , an d we t h e n in t egrat e over n T ( in t h e va r i a b l e s (τ, γ)): [φ, (t, x, u (t, x) )
In exactly the same way, starting from integral inequality (2.1) for the function v(r, y) written in th e variables (τ, y), for k= u(t, x) and f= g{t, x; r, y) we integrate over π T (in the variables (i, x)) to obtain the inequality (x, y, u (t, x) )
Combining (3.2) and (3.3) and making some elementary identity transformations in the integrand (which con sist of adding and subtracting identical functions and arranging terms), we find that for any smooth function g(t, χ; τ , γ) > Q which is finite in π τ χ n^ the following inequality is fulfilled:
We first go through the later part of th e proof for the case of equation (1.5) (then / } = 0, 7 4 = 0), so that, when we consider the gen eral case, our attention can be focused on the addition al difficulties of a tech n ical character which result when the functions φ. depend on ί and x. In t h e c a se of equa tion (1.5) in equality (3.4) t akes the form
Let f\ t, x) be an arbitrary test function from D efinition 1; we may assum e that fit, x) = 0 outside some cylinder
In ( and the function δ^(σ) was defined in (2.4); noting that
we let h approach Eero. We show that a s h -> 0, (3.5) im plies the inequalitŷ
{\ u(t,x) v(t,x)\ f t (t,x)
In fact, for t h is choice of g each of th e two terms in th e integrand of (3 5) can be represented in the form PH. (t, x ; x , y ) = F (t, x , x , y , u ( t , χ) ^^t, x, x, y,u(t, x),v(r, y) )
Taking into account the obvious estimate \\ h ( • )| < con st · h and the above properties of the function F, we find that
where the con stan t C does not depend on h. By Lemma 2, / j(A) -* 0 as A -* 0. The in tegral / 2 does not depend on h; in fact, after substituting t = a, we find that
Thus (3.5) im plies (3.7).
Let Κ be a characteristic cone, and let & and &> be the set s of measure zero on [θ, T] in the definition of a generalized solution (see requirement 2) for the functions u and i>, respectively. We let & µ designate the set of points on [θ, T] which are not Lebesgue points of the bounded measurable function
( 3 . 9 )
and take two numbers ρ and r € (0, T 0 )\& 0 , ρ < r . In (3.7) we se t
where and we note that χ{ί, χ) = 0 outside the cone Κ , while for (f, x) C Κ we have the relations .7) we obtain the inequality
Letting f approach zero in (3.10), we find that Τ
S f
Since ρ and r are Lebesgue points of the function µ(ί) (see (3.9)), it follows that as h -> 0
(for example, by properties (2.5) of the functions δ. (σ) for Λ < min(p, T Q -p) we have for the point i= p:
P~h
where the constant does not depend on h). Taking into account that
nd letting ρ approach zero over a sequence of poin ts in lb Q , we obtain estimate (3.1) from (3.11) in the case under consideration.
We now proceed to the general case, where we shall follow the same scheme of proof. We show that, after substituting the function g defined in (3.6) into (3 4), we have (3.4) in the limit as h -» 0 implying the following inequality, which is analogous to inequality (3.7):
1) It is easily seen that the function / defined in this way is a permissible test function.
FIRST ORDER QUASILINEAR EQUATIONS IN SEVERAL INDEPENDENT VARIABLEŜ

{\ u(t,x) v(t,x)\ ft
We first note that as h -> 0 the integrals (3.12) approach the integral in the left side of inequality (3.12) multiplied by 2 n , since / ., / , and I, have the form (3.8) , and the corresponding functions Ρ, and F have all the properties needed above to establish the limit as h -» 0 of the integrals of expressions of the form (3.8) . Thus it suffices to prove that the in tegrals of l^ in (3.4) approach zero as h -* 0; moreover, since the coefficients of g x and g in / j vanish for 11 τ\ + \ x y\ = 0, it follows by the concrete form of the function
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Since the first derivatives of the functions φ At, x, u) are uniformly continuous on any compact re gion, we have the following relations (the index h of the function λ will be omitted in the compu tations; here δ is the Kronecker symbol):
similarly, taking into account the identity λ = -λ , we obtain that (fiyi (x, y, u (t, χ) 1 4 ) where β\η) -> 0 as /ι -» 0. We designate the integrand in (3.14) by B,; obviously β, has a repre sentation in the form
where, by Lemma 3, the functions F and G satisfy a Lipschitz condition in u (here we take into account the assumptions in the beginning of this section concerning <f> i( and <f> ix .). Since the func
and consequently (after subtracting the last equation in (3 14)) = 155 ^Bhdxdtdydx
which, by Lemma 2, implies that / ft β ih) -» 0 as h -• 0 (and hence also / ft ~* 0). Inequality (3.12) is thereby proved.
F urther, choosing numbers ρ and τ € S Q , 0 < ρ < r < Γ ο , and substituting the same function / in (3.12) as in the proof for the case of equation (1.5), we obtain the following analogs of inequalities (3.10) and (3.11):
f> s t
Letting ρ approach zero over the set & Q , we find that for τ C 6> 0 ο from which estimate (3.1) follows in an obvious way. Theorem 1 is proved. To prove the un iquen ess theorem for the gen eralized solution of problem (1.1), (1.2), it is neces sary to make certain assumptions concerning the growth of the functions φ. it, x, u) as \x\ -* «>. H ere we give one of the sim plest conditions. Let Κ be the ch aract erist ic cone with base radius R for \u\ <M ( see the end of §1), and le t Ν = N tf (/ ?) be the number defined in (2.12). We sh all assume that We have the following proposition concerning monotonic dependence of th e gen eralized solutions of problem (1.1), (1.2) on the in it ial data.
Theorem 3. Let the functions u(t, x) and v{t, x) be the generalized solutions of problem (1.1), (1.2) with initial functions u Q {x) and v Q {x), respectively. Let u Q (x) < v Q {%) almost everywhere in E^. Then uit, x) < v(t, x) almost everywhere in π .
It obviously suffices to show that the following analog of estimate (3 1) holds for the solution s 1 6 ) where
u(t, x) and v(t, x):
Taking inequality (3.4) into account, we note that, since each of the functions u(t, x) and v(t, x) satisfies integral identity (1.6), the following identity for the functions git, χ; τ ,y) follow from inequality (3.4):
Adding the in tegrals (3.4) and (3.17), we obtain the inequality h + l't + l's+hydxdtdydx^O, ( 3 . 1 8 ) where the integrand / ' 3 coincides with I } in (3.4), and th e expression s l' v I' 2 and l' A are obtained from the corresponding expressions 1 1 , I 2 and / 4 in (3.4 y) ), respectively. Further, taking into account that σΦ'(σ) Ξ Φ(σ), we derive inequality (3.16) from (3 18) in exactly the same way as estimate (3 1) was obtained from (3.4) in the proof of Theorem 1.
) by replacing \u(t, x) -v(r, y)\ and sign(w(i, x) -v{r, y)) by Φ(ίί(ί, χ) v(r, y)) and Φ'(ιι(ί, χ) -ν(τ,
A proof of Theorem 3 based on Theorem 2 and a method of constructing generalized solutions will be given at the end of § 4 for the case of equation (1.5). § 4. Existence of the generalized solution of problem (1.1), (1.
2)
The fundamental result on the existence of a generalized solution of problem (1.1), (1.2) will be proved in this section under the following assumptions:
1) The functions φ At, x, u) are three times continuously differentiable.
2) The functions φ (ί, χ, u) are uniformly bounded for (i, x, u) (2.12 ) are bounded by a constant Ν which does not depend on R). 
4) u Q (x) is an arbitrary bounded measurable function in E n {\u Q {x)\ < M Q ).
The assumptions concerning smoothness of the functions φ. it, x, u) and φ it, x, u) in conditions 1) and 3) were made without taking into account the "in equivalen ce" of the arguments t, x. and u. 1 2), can be replaced by other well known assumptions of the same type.
To construct the generalized solution of problem (1.1), (1.2), we apply the vanishing viscosity method. We first investigate Cauchy's problem for the parabolic equation (1.3) with initial condition (1.2), where the main object here is to obtain an a priori estimate of the modulus of continuity in L χ of the solution u e (i, x) of problem (1.3), (1.2) which ensures compactness of the family \if (t, x)\ in the L . norm, where this estimate does not depend on small viscosity e. This estimate is established using similar methods separately in the following two cases A and B:
A. The initial function u Q (x) is an arbitrary bounded function in E^, but then (in addition to con ditions 1)-3) in the beginning of the section) the functions φ ί do not depend on x, and the functions the functions φ. can now depend on x, while (in addition to conditions 1)-3)) the derivatives
C ase A is singled out largely for considerations of method, since in this technically simple but n evertheless typical case (which essentially corresponds to equation (1.5)) we can emphasize the fundamental ideas of the proof with special clarity.
The estimate of the modulus of continuity in case B, which is also of independent interest, plays the role of a preliminary result for obtaining the desired estimate in the general case 0. We let the general case Ο be characterized by the following conditions: u Q (x) is an arbitrary bounded measurable function, while the functions φ. and ψ satisfy the same assumptions as in case B. The fundamental result used to justify the vanishing viscosity method will be formulated under conditions Ο (concern ing the possibility of weakening these conditions, see subsection 4 in §5).
1. C auchy's problem for the parabolic equation (1.3). We first note that, by well known results from the theory of second order quasilinear parabolic equations (see, for example, We first prove several a priori estimates for the classical solution of problem (1.3), (1.2), but we shall take care that these estimates depend only on the above properties of the functions φ. and ψ, on M Q , and on the function ω R (a) such that (see (2. We now prove an estimate of the modulus of continuity in L, for the solution u e it, x) in case A. We take a vector ζ € Ε n and set w{t, x) = u (t, χ + ζ) u (t, x); it is clear that the function w(t, x) satisfies the equation
and all the functions α., c and e. satisfy a Lipschitz condition on any compact set in π . We mul tiply equation (4.7) by a function g(2, χ) which is finite in χ in the band ny C n·^ and h as continuous derivatives g f , g x , g x . x ., and we integrate over ny; integrating by parts, we find that 
Proof. It is easily verified that £ iQ ( ) < 0 in Ω, and that • 0.
i= r H ence, by the maximum principle, q{t, x) < Q e (t, x) everywhere in Ω.
We fix a number r > 1 and define the function qAt, x) a s the solution of Cauchy's problem for the equation £ ( g f t ) = 0 in π τ with the initial condition g ft (r, x) = β (χ), where β {χ) = sign u> {τ , χ) for \χ\ < r -h, β (χ) = 0 for | AS| > r -h. Obviously, by the maximum principle, \q h (t, x)\ < con st. In (4.8)
where m is a natural number. Transferring the derivatives in % i from the function q h in the integral of 2ew{q.) (η ) , we find that
(here Lemma 4 is applied to the functions ± q h (t, x)). F irst letting m approach + » in (4.11), and then letting h approach zero, we find that
where the function ω χ (σ) does not depend on f .
To estimate the modulus of continuity in t, we u se the following interpolation theorem. 
Lemma 5. Let the {unction u(t, x) be measurable in the cylinder {(t, x)\
where the constant depends only on c , U, r and re.
Proof. In (4.13) we set g(
β(χ) = 0 for \ x\ > r h and h < p. Noting that \g(x)\ < 1, \ g \ < c o n st · re" 1 , |.
we obtain the following estimate for the function w{x) = u(t + At, x) u(t, x):
Applying Lemma 1 to the function w(x) in ^2 r ft * s e e (2.10)), we further find that
for an y h C ( 0, p), an d t h is is equivalen t to est im a t e (4.14).
Lem m a 5 allo ws u s to est im ate th e m odulu s of con tin uity in L j with respect to t for t h e solution it (i, x) of equation (1.3) in term s of th e m o du lu s of con tin uity ω χ (σ) with respect to t h e sp a c e vari a b le s. In fact, it ea sily follows directly from equation (1.3) for 0 < e < 1 that est im at e (4.13) holds for the fun ction u (t, x) with con stan t C T = c o n st · r" (we m ay a ssu m e that r > 2 and ρ = 1). T h us
We now prove the analogs of estimates (4.12) and (4.15) in case B. To do this we note that in the case of a smooth in itial function u Q (x) inequality (4.3) implies the estim ate 1 6 ) and that the functions v k {t, χ) Ξ Ζ/ (t, χ) satisfy the parabolic system
We multiply the fcth equation in (4.17) by a sufficiently smooth function g {t, x) which is finite in χ in the band π Γ , integrate over π τ , and then sum over k from 1 to n; integrating by parts, we find that ξ *g* \ f=0 dx jj (φ, v . + ψ, 6 ) gft dx dt, ( 4 . 1 8 ) where
We fix a number r > 0 an d l e t q 1^ ( t , x), A ; = 1, · · • , n, d esign a t e the so lu t io n of C a u c h y's problem for the parabolic system X..(q,) = 0 in π τ with the in it ia l condition q, (r , χ) = (β Ax)) , where β^x) = sign ν M r , x) for U | < r A, jS^x) ~0 for |x;| > r A ( see [ 2l] ) . Since T h e f u n c t i o n w = « (i, x ) -u { t , x ) s a t i s f i e s a n e q u a t i o n o f t h e fo r m ( 4 . 7 ) , w h e r e e = 0 ( ί = 1 , · · · , η ) , a n d 
Thus in each of the cases Α, Β and Ο we can find functions ω χ (σ) and ω 1 (σ) which do not de pend on £ such that for 0 < t < Τ J r (u E , Ax) + Ir (u\ At) < ω? (I A* I) + ωί (1 Δί I) ( 4 . 2 2 ) (however, this estimate was obtained under an addition al assumption concerning sufficient smoothness of the function u Q (x)).
Let Φ(ΐί) be an arbitrary twice smooth convex downward function on the line -°° < u < +°°. We multiply equation (1.3) by the function Φ'(ΐί)/ (ί, χ), where fit, x) > 0 is a twice smooth function which is finite in η , and we in tegrate over η . Transferring the derivatives with respect to t an d *. to the t e st function / and taking into account that Φ '\ u)u u f > 0, we obtain the inequality
where A : i s a co n st an t . H ence (usin g an a p p r o xim a t io n of t h e function \u -k\ by t wice smooth convex fun ction s Φ(ϋ)) we c o n c lu d e that this inequality also holds for Φ = \ u -k\ :
To free ourselves from the requirement that the function u Q (x) be sufficiently smooth, we make the following observations, which are based on elementary considerations of approximation and com pactn ess. We approximate the bounded measurable function u Q {x) by the mean functions u Q (x) and note that the moduli of continuity in L 1 of the functions u^ (x) are estim ated in terms of the modulus of continuity of the function u o (x) (see (2.9) ). H ence, for the c la ssic a l solutions "· Λ 'ί, x> of Cauchy's problem for equation (1.3) with in itial functions u^ (x), estim ates (4.6) and (4.22) hold uniformly for h £ ( θ, l ] and f 6 (0, lL On t h e ot h er hand, inner est im at es of Schauder type ( se e [ 1 9 1 , C h ap t er 7, 3 an d 4) h o ld for t h e so lu t io n s u € h (t, x) with fixed f > 0 as a result of our smoothness assumptions for the functions φ ί and φ. U sing t h ese estim ates, we can find a su bsequ en ce u, (t, x) which con ver ges uniformly to t h e fun ction u e (t, x) in any cylin der lit, x)\ = t p , 7 χ K R , p>0 along with th e d er iva t ives in equation (1.3) . Obviously for i > 0 the t wice smooth function u (t, x) satisfies equa tion (1.3) in th e u su a l sen se, estim ates (4.6) and (4.22) hold for it , and for an y r > 0 and ρ
It is also clear that the function u ( it, x) satisfies inequality (4.23). We shall henceforth understand the functions u \t, x) to be the solutions of problem (1.3), (1.2) constructed in this way. quasilinear hyperbolic systems (here we only consider systems of th e form (1.7)). We first note that requirement 1) of the defin ition of a generalized solution of problem (1.1), (1.2) ( see § 2 , D efinition 1) gen eralizes to th e c a se of a system in th e following (equivalent) form: for an arbitrary convex down ward function Φ(α) and any smooth function fit, x) > 0 which is finite in rr T we have the inequalitŷ For Φ = \ u -k\ inequality (5.2) coincides with (2.1). We easily see that, conversely, inequality (2.1) (for any A;!) im plies (5.2). In fact, as we noted in § 2 , if the function u(t, x) satisfies inequality (2.1), then it also satisfies identity (1.6), and hence inequality (5.2) with the function Φ^) = m ax(u A;, 0); it remains to n ote that any function Φ(ϋ) which is convex downward on [ -M, Ml can be approximated by "inscribed broken lin e s", i.e. functions of the form Φ( Μ) + Φ '( Μ ) ( ίί + Μ) + Σ^α^ (u), where α ; = con st > 0, Μ < k l < k l + l < Μ.
We now con sider the qu asilin ear hyperbolic system + o. (for any valu es of u under consideration). We multiply the system (5.5) by th e vector H{u) using scalar multiplication, and we require that the expression s {Hiu), φ^^ and (H(u), Φ\ιι χ ) (φ 1 . = ||(£ fc ;||) be total derivatives with respect to t and x l of certain functions Φ(ϋ) and Ψ.(u) re spectively; the lat t er requirement means that Η (u) must satisfy the following system of linear equa tions, which is generally overdetennined:
